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ABSTRACT
/
N <
Consider a birth and death process starting in state 0 . <Keilson [l]-—
l Jgnalytical arguments,that the time of first passage

into state o has an increasing failure rate (IFR) distribution.
We present a probabilistic proof for this. In addition, our proof
shows that for a nonnegative diffusion process, the first passage
time from state 0 to any state x 1is IFR.
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A NOTE ON FIRST PASSAGE TIMES IN BIRTH AND DEATH
AND NONNEGATIVE DIFFUSION PROCESSES

by

Cyrus Derman, Sheldon M. Ross and Zvi Schechner

0. INTRODUCTION

Consider a birth and death process starting in state 0. Keilson
[ 1] has shown by analytical arguments that the time of first passage
into state n has an increasing failure rate (IFR) distribution. We
present a probabilistic proof for this. In additiom, our proof shows
that for a nonnegative diffusion process, the first passage time from

state 0 to any state x 1s IFR.

1. THE RESULT

Let {Xj(t) , t 20}, j =1,2 be independent and identically dis-

tributed birth and death processes. Let

'1‘j = min {t : Xj(t) = n} .

We gtart by showing that, given T, > t , the conditional state at time

3

t 4is stochastically increasing in the initial state.

BT SRS T

P{X,(t) > k | X,(0) = 1, , T, > t}

2 P{X () 2k | X,(0) =1 >t} .

1 5




Proof:

Assume throughout the proof that all probability statements are
conditional on the events xz(o) = 12 » Ty >t , Xl(O) = 11 s T1 >t 3

and consider sample paths for the two processes conditional on these

events. Define

T = inf {s : Xz(s) = Xl(s)}

and let it be = if Xz(s) > Xl(s) for all s ; and define the process
{x3(s) » 8 >0} by

Xz(s) for s < T

X (s) =
Xl(s) for s >T.

Now it is easy to see from the strong Markov property that {x3(s) » 8 > 0}

has the same distribution as ({X,(s) , s > 0} . As X3(s) > X,(s) for all

s , the result follows. ||

We now show that if xl(O) = 0 and T1 >t , then xl(t) increases

stochastically in ¢t .

Theorem 1:

P{X, () > k | X,(0) =0, T; >t} is increasing in ¢t .

Proof:

For s < t , we have by conditioning on Xl(t - 8) and using the

Markov property that

P P O st Rt il Rt s N




P{X, (t) > k l ,(00=0, 1 >t}

1

= ] P{X,(s) 2k[X(0) =1,T >s}P(X (c-s) = 1| X0 =0,T >t}
i

1

2 P{X,(s) > k | X0 =0, 1T >s}

1
where the last inequality follows from Lemma 1. ||

Recalling that a continuous random variable X having distribution
F and density f is said to be IFR if its failure rate function A(t)

defined by
A(t) = £(e)/(1 - F(tr))

is increasing in t . If X is the life of an item, then A(t) can be
interpreted as the instantaneous probability density that a t year old

item will fail.

Corollary 1:

1f x1(0) = 0 then the first passage time to state a 1is IFR.

Proof:

It is easy to see that

A(e) =68 P{X(6) =n-1]X(0)=0,T >t}

1

where en—l is the birth rate at state n - 1 . The result now follows

from Theorem 1.||
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Remark:

Our method of proof also shows that the first passage time from
state 0 to any state x 1is IFR for any nonnegative diffusion process
(that is, for any nonnegative Markov process on the real line whose
sample path is continuous with probability 1). The key thing is that
as in the case of birth and death processes, if we have 2 independent and
identically distributed diffusion processes which start at time O in
different states, then either the initially larger one remains larger
or they meet at some point (since their sample paths are continuous)
and if they meet their probabilistic structure is identical after they
meet (by the strong Markov property). The above remains true even if we
are conditioning on the event that the first passage time has not occurred

by time ¢t .
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